T H E oscillatory motion of a heterogeneous cylinder rolling on a horizontal plane has been investigated by E u l e r *. H e has determined the pressure of the cylinder on the plane at any period of the oscillation, and the time of completing an oscilla tion when the arcs of oscillation are small.
gravity G and perpendicular to its axis C ; and let M be its point of contact, at any time, with the horizontal plane BD on which it is rolling. Assume a = A C , h= C G , 0= A C M . W = w eig h t of cylinder. W&2=m om entum of inertia of the cylinder about an axis passing through G and parallel to the axis of the cylinder.
<y=given value of the angular velocity when has the given value 4 ,= given value of 0 when the angular velocity has the given val /= given value of GM corresponding to the value 0X of Then W(A;2+ G M 2):=W (P-f-#2+^2-cos moment of inertia about M. Since moreover the cylinder may be considered to be in the act of revolving about the point M by which it is in contact with the plane, one-half of its viva is represented by the formula and one-half of the vis viva acquired by it in rolling through the angle by \ y{(A;2+ a 2-2 «^c°s^-fA2) (^) -(^+ / 2)< y2j-B ut the vertical descent of the centre of gravity while the cylinder is passing from the one position into the other, is represented by A(cos 0-cos Therefore, by the principle of vis viva*, where t represents the time of the body's passing from the inclination 0X to zero. Now let it be observed that in this function 3 so long as a is less than g, since 
■J:
(1 + _ _ L _ sin, 2 Pi / a -cos 0 \^* ddy_ 2 (a -/3)ff2 /**>___________ d?___________ o \c o s 0 -/ 3 / ^ (1 -/32)^(j92 + 02)^(l 4 02) (1 -w sin2 <p)(l-c2 sin2<p)* ______ 2(a~_Qg!--------| j / _wc® ^ . . ) where n(-nc<pi)is that elliptic function of the third order whose parameter is -a modulus c. The value of I l ( -nc( p^) being determinable by known methods (L e g e n d r e , Fonctions Elliptiques, vol. i. chap, xxiii.), the time of rolling is given by equation 13.
In the case in which the rolling motion is not continuous but oscillatory, we have Since the values of elliptic functions of the first and second orders, having given amplitudes and moduli, are given by the tables of L eg en d r e, it follows that the value of t is given by this formula for all possible values of c and If the angle of oscillation be very small c is very small, so that its square maybe neglected in comparison with unity. In this case F c^= = E c^=^ and F c |= E c |= |, . (23.) by which equation the time of the oscillation through any , of a pendulum which oscillates through a small arc in one second, may be determined. I have caused the following Table to be calculated from it.
Table of the Time occupied in oscillating through every two degrees of a complete circle, by a Pendulum which oscillates through a small arc in one second.
Arc of oscillation on each
side of the vertical in degrees. 
Logarithm of

The pressure o f the cylinder on its point o f contact with the plane on wh
Let A' be the point where the point A of the cylinder was in contact with the plane.
Let
tion MC. Since the centre of gravity G moves as it would do if, the whole mass being col lected there, all the impressed forces were applied to it, we have, by the principle of If Y be negative in any position of the body, the axis will obviously jump from its bearings, unless it be retained by some mechanical expedient not taken account of in this calculation. B ut if Y be negative in any position, it must be negative in that in which its value is a minimum. If a jum p take place at all, therefore, it will take place when Y is a minimum ; and whether it will take place or not, is determined by finding whether the minimum value of Y is negative. If therefore the expression (42.) or (43.) be negative, the axis will jum p in the corresponding case. An axis of infinitely small diameter, such as we have here supposed, becomes a fixed ax is; and the pressure upon a fixed axis, supposed to turn in cylindrical bearings without friction, is the same whatever may be its diam eter; equations (40.) and (41.) deter mine therefore that pressure, and equation (42.) or (43.) determines the vertical strain upon the collar when the tendency of the axis to jum p from its bearings is the greatest.
The ju m p o f a rolling cylinder.
W hether a jum p will or will not take place, has been shown to be determined by finding whether the minimum value of Y be negative or not.
Substituting
cc for 2 an<^ reducing, equation (35.) becomes The first condition evidently yields a positive value of y , since it causes the first term of the preceding equation to van ish ; and the second term is essentially posi tive, a being always greater than unity.
If, therefore, the first condition be possible, or if there be any value of 6 which satisfies it, th at value corresponds to a position of minimum pressure. Solving in respect to cos 6, we obtain (A :2 l9) {g + «»2) (<*2 -1) 2 gah COS 6.
(46.)
The first condition will therefore yield a position of minimum pressure, if K » /(*»+P)(y + «<.*)(««-l)> -1 o r i f » / (A, + P)(g + <w>»)(««-l) <(< *+!) 2yA(«-l)2 g (A ;2 +A2)(a + 1) a whence, substituting for a and reducing, we obtain finally, the conditions There will therefore be a jump of the pendulum upon its bearings at each oscilla tion, if the amplitude 0, of the oscillation be such, that 1 . F . . 3A* . cos 6X > or cos* T he ju m p o f the falsely-balanced Carriage-wheel. The theory of the falsely-balanced carriage-wheel differs from that of the rolling cylinder,-1st, in that the inertia of the carriage applied at its axle influences the acceleration produced by the weight of the wheel, as its centre of gravity descends or ascends in rolling; and 2ndly, in that the wheel is retained in contact with the plane by the weight of the carriage. The first cause may be neglected, because the displacement of the centre of gravity is always in the carriage-wheel very small, and because the angular velocity is, compared with it, very great.
™ o -> ({W S itfcg ).,-® • < " •' Of these inequalities the second always obtains, because { i e + ( a -h ) 2}2< {k2+ l 2){k? + (a + h )2}, whatever be the values of k, a and h. And the first is always p { # + ( a + h ) 2} 2> ( t f + l 2) { i e + { a -
If W, represent that portion of the w eigh t of the carriage which must be over come in order that the wheel may jump (which weight is supposed to be borne by the plane), and if Y, be taken to represent the pressure upon the plane, then (equa tion 52.) y 1= w , + y = w 1+ y v ( i -^) (5 7 .)
In order that there may be a jump, this expression must be negative, or + W * ) .................................................................................................... (5 9 -) The Driving-Wheel o f a Locomotive .
The attention of engineers was some years since directed to the effects which might result from the false balancing of a wheel by accidents on railways, which appeared to be occasioned by a tendency to jump in the driving-wheels of the engines. The cranked axle in all cases destroys the balance of the driving-wheel unless a counterpoise be applied; at that time there was no counterpoise, and the axle was so cranked as to displace the centre of gravity more than it does now. Mr. G eorge H eaton, of Birmingham, appears to have been principally instrumental in causing the danger of this false balancing of the driving-wheels to be understood. By means of an ingenious apparatus*, which enabled him to roll a falsely-balanced wheel round the circumference of a table with any given velocity, and to make any required displacement of the centre of gravity, he showed the tendency to jump, produced even by a very small displacement, to be so great, as to leave no doubt on the minds of practical men as to the danger of such displacement in the case of locomotive engines, and a counterbalance is now, I believe, always applied. To determine what is the degree of accuracy required in such a counterpoise, I have calculated from the preceding formulae that displacement of the centre of gravity of a driving-wheel of a locomotive engine, which is necessary to cause it to jump at the high velocities not unfrequently attained at some parts of the journey of an express tra in ; from such information as I have been able to obtain as to the dimensions of such wheels, and their weights, and those of the engines^. The weight of a pair of driving-wheels, six feet in diameter, with a cranked axle, varies, I am told, from 2^ to 3 to n s; and that of an engine on the London and Bir mingham Railway, when filled with water, from 20 to 25 tons. If n represent the number of miles per hour at which the engine is travelling, it may be shown by a simple calculation, that the angular velocity, in feet, of a six-feet wheel is represented by or by very nearly. In this case we have, therefore,-since W represents the t I have not included in this calculation the inertia of the crank rods, of the slide gearing, or of the piston and piston rods. The effect of these is to increase the tendency to jump produced by the displacement of the centre of gravity of the wheel; and the like effect is due to the thrust upon the piston rod. The discussion of these subjects does not belong to my present paper.
weight of a single wheel and its portion of the axle, and Wj represents the weight, exclusive of the driving-wheels, which must be raised that either side of the engine may jump*, that is, half the weight of the engine exclusive of the drivingwheels,-W = l i to 1J tons, W i= 8 f to 1 l j tons, co-^ri, g=32* 19084 ; whence I have made the following calculations from formula (59.). It appears, by formula (59.), that the displacement of the centre of gravity necessary to produce a jump at any given speed, is not dependent on the actual weight of the engine or the wheels, but on the ratio of their weights; and, from the above Table, that when the weight of the engine and wheels is 6 f times that of the drivingwheels, a displacement of 2 f inches in the centre of gravity is enough to create a jump when the train is travelling at sixty miles an hour, or of 2 inches when it is travelling at seventy miles; this displacement varying inversely as the square of the velocity is less, other things being the same, as the square of the diameter of the wheel is less; for the radius of the wheel being represented by a, the angular velocity is represented by < y =^, and substituting this value, formula (59.) becomes
* > (l)
,#a2(1+w0 If the weight W of the wheel be supposed to vary as the square of its diameter and be represented by ^a2, this formula will become h>Ci) * It will be observed, that the cranks being placed on the axle at right angles to one another, when the centre of gravity on the one side is in a favourable position for jumping, it is in an unfavourable position on the other side, so that it can only jump on one side at once, and the efforts on the two sides alternate.
still showing the displacement of the centre of gravity necessary to produce a jump to diminish with the diameter of the wheel. These conclusions are opposed to the use of light engines and small driving-wheels; and they show the necessity of a care ful attention to the true balancing of the wheels of the carriages as well as the drivingwheels of the engine. It does not follow that every jump of the wheel would be high enough to lift the edge of the flange off the ra il; the determination of the height of the jump involves an independent investigation. Every jump nevertheless creates an oscillation of the springs, which oscillation will not of necessity be completed when the jump retu rn s; but as the jumps are made alternately on opposite sides of the engine, it is probable that they may, and that after a time they will, so synchronize with the times of the oscillations, as that the amplitude of each oscillation shall be increased by every jump, and a rocking motion be communicated to the engine attended with danger.
Whilst every jump does not necessarily cause the wheel to run off the rail, it nevertheless causes it to slip upon it, for before the wheel jum must have ceased to have any hold upon the rail or any friction.
The Slip o f the Wheel.
Ify*be taken to represent the coefficient of friction between the surface of the wheel and that of the rail, the actual friction in any position of the wheel will be represented by Y xf .But the friction which it is necessary the rail should supply, in order that the rolling of the wheel may be maintained, is X. It is a condition therefore neces sary to the wheel not slipping that If, therefore, taking the maximum value ofy-in any revolution, we find that f ex ceeds it, it is certain that the wheel cannot have slipped in that revolution; whilst if, on the other hand, ff alls short of it, it must have slipped*. The positions which the slipping will take place continually, are determined by solving, in respect to cos the equation The application of these principles to the slip of the carriage-wheel is rendered less difficult by the fact, that the value of h is always in that case so small, as compared 
